We revisit the problem of semi-global stabilization of linear discrete-time systems subject to input saturation and give an algebraic Riccati equation (ARE)-based approach to the proof of a fact we established earlier ( ?]), i.e., a linear discrete-time system subject to input saturation is semi-globally stabilizable via linear feedback as long as the linear system in the absence of the saturation is stabilizable and detectable and all its open loop poles are located inside or on the unit circle. Moreover, we drastically relax the requirements on the characteristic of the saturation elements as imposed in our earlier work ?]. 
Introduction
In this paper we revisit the problem of stabilizing a general linear system which is subject to input saturation. Over the last few years, there has been rather strong interest in this problem, possibly due to a wide recognition of the inherent constraints on the control input. As can be summarized as follows: Given a linear system which is subject to input saturation, the global asymptotic stabilization can be achieved if and only if all the poles of the given system are in the closed left half plane, and, even then, in general one must use nonlinear control and only very simple cases can be handled via linear feedback control laws. (An interesting nonlinear control law of the nested saturation type for global asymptotic stabilization of a chain of integrators subject to input saturation was proposed in ?] which was later extended to the general class of systems in ?].) In the discrete-time setting, an analogous result that a linear discrete-time system subject to input saturation can be globally asymptotically stabilized via feedback if and only if all its poles are located inside or on the unit circle has recently been established by Yang for linear systems subject to input saturation, in continuous-time as well as in discrete-time. The semi-global framework for analysis and design deals with techniques and methods of analysis and designs that are valid in an a priori given region of operation. This is in contrast with the traditional global viewpoint of analysis and design which requires methods and design techniques that are valid globally. The semi-global approach to the design of a system with saturating inputs is a very appealing concept since every plant model is valid only on a speci c nite region of operation. We should emphasize that a key notion in semi-global design techniques is that the region of operation is a priori speci ed and this region can be chosen arbitrarily large.
A surprising result obtained in our work ?] and ?] is that linear feedback laws can be used for semi-global stabilization of linear continuous-time (discrete-time) systems subject to input saturation as long as the linear system in the absence of saturation is stabilizable and detectable and all its open loop poles are located in the closed left half plane (inside or on the unit circle). This is in contrast with global stabilization which cannot be achieved in general by linear feedback. In ?] and ?], we explicitly constructed such semi-globally stabilizing linear feedback laws with the use of a low-gain feedback design technique. These low-gain feedback laws were constructed in such a way that the control input does not saturate for any a priori given (arbitrarily large) bounded set of initial conditions. As a result, the closed-loop system operates as a linear system. based design of low-gain controllers. While the direct method is numerically superior, the ARE-based method is more compact and conceptually appealing. The goal of this paper is to provide an ARE-based design for low-gain controllers that semi-globally stabilize the same class of linear systems subject to input saturation as in ?] as well as relaxing the requirements on the saturation characteristic as imposed in ?]. Similar relaxation on the requirements on the saturation characteristic were made in the conitnuous-time counterpart (see ?] and ?]). More speci cally, we only require that in a neighborhood of the origin, each component of lies inside any linear sector of rst and third quadrant. Hence di erentiability of at the origin is not required. Moreover, only the knowledge of this linear sector is needed in the design.
The rest of this paper is organized as follows. In Section 2 we de ne the problems at hand. The solutions to these problems are the main results of this paper and are presented in Section 3. An example is given in Section 4 to demonstrate our state feedback results. We draw a brief concluding remark in the nal Section 5.
Problem Statement
We consider a class of nonlinear discrete-time systems commonly known as linear systems subject to input saturation. These systems are formed by cascading linear systems with memory-free input nonlinearities of saturation type,
where x 2 I R n is the state, u 2 I R m is the control input to the saturater, y 2 I R p is the measurement output, and : I R m ! I R m is a saturation function de ned as follows, De nition 2. Proof. Existence Proof. With the given state feedback laws, the closed-loop system takes the form of
where, for notational brevity, we have dropped the dependency on " of the matrix P("). We now pick a Lyapunov function V (x(k)) = x 0 (k)P x(k) (3.9) and let c be a strictly positive real number such that 
Again recalling that lim "!0 P = 0, we easily see that there exists an " 2 (0; (3.12) u(k) = ?(B 0 P(")B + I) ?1 B 0 PAx(k) (3.13) where P(") > 0 is the unique solution of the algebraic Riccati equation (??) and L is any matrix such that A ? LC is asymptotically stable. More speci cally, for any a priori given (arbitrarily large) bounded set W I R 2n , there exists an " > 0 such that, for each " 2 (0; " ] and for each 2 S( ; b), the equilibrium (x;x) = (0; 0) of the closed loop system is locally exponentially stable and W is contained in its domain of attraction.
Proof. With the given measurement feedback laws, the closed-loop system takes the following form
x(k + 1) = Ax(k) + B ?(B 0 PB + I) ?1 B 0 PAx(k) (3.14) x(k + 1) = A ? LC ? B(B 0 PB + I) ?1 B 0 PA x(k) + LCx(k) (3.15) where for the notational brevity, we have dropped the dependency on " of the matrix P("). Recalling that lim "!0 P = 0 and is independent of ", we easily verify that there exists an " 2 (0; " 1 ] such that for all " 2 (0; " ], the following hold, 
An Example
In this section we present a simple example to illustrate some of the results in this paper. 
Conclusions
In this paper we have studied the problem of stabilizing discrete-time linear systems subject to input saturation. We have shown that low-gain linear feedback controllers can achieve semi-global stabilization. Moreover, the resulting controller can be obtained using very little information of the precise structure of the saturation. The latter is very important since in practice we often only know a region where the actuator will behave approximately linear. Our controller is very robust with respect to changes in the saturation function.
